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A】てるWer AL轟QljeSもions

1` (a) LetA⊆Rbesuchthatm*(A)=0.

Showthat m*(B) =7証(AuB) =証(B¥A) forevely E' ⊆於.

(b) Let (X・㊤,“) beameasurespace. I.et E,F ∈ ㊤ be suchthat E⊆ F

Is /L(F¥E) = 4(F) - H(E)? Justi$′ yOur anSWer,

l20 poin阜

【20 poin七sj

(c) Let X =直b・C・。J' Where a`b,Cand daI.e all distinct. Let C =担,X,(b),(α.C)事.

Write down cr(C)一the 。- algebra generated by C・　　　　　　[20 points]

(d)職tf:匝1]→脱.

Suppose that the set佃∈ IO, 1= /(鴛) = α) is measurab]e foI. eVery α ∈聡.

Is / measurable? Justi$′ yOur anSWer.

(e) Let /弓O国→肢bedefroed by

f(か二
3v伝; if & is irrational,

0;　if oもherwise.

Find I fdm.

き20 poin専

[20 poill七Sj

撃・ (a) Define the L訪勤e O短er l臓s躍,証(E), Of a subset E of I紬d the Z,。besg据

mea鋤7謝ご踊b弱iぐ〇千取　　　　　　　　　　　　　　　囲十10 poin(,Sj

:b) Let A ⊆ R 2n。 Let ( EL ) be a sequence of mutual]!′ disj”l血Lebesgue measur。b裏c‘

subsets of R.

(i) By 77面h綱諦‾亀高じ鉦弱0n Oγ 0海n朋ise, Show th高

地柚主喜坤∩卵r al囲∵　　匝tsう

【Hint: You r鴫′ ‘ue the fact that U E高Lebesgue measurable for all 7? ∈ Z†・]

鳥=1

Con七inued …



(ii)鵬, Show曲証(息(A唖)) =‡語(An恥

(iii) Dedue that肌* (専) =差m章(Eれ)・

(iv) Let (凡) be asequenceofsubsets ofR suchthat札⊆ Eれholds for each n ∈ Z+.

鞠part try’Showthatm* (珪) =劉(恥一一[20points]

3. Deflne a o.- a4geb糊, ㊤, On a nOn-emPty Set X and a meα鈍rg,拘On a measurable space

(X,㊦).

上et X be an uncountable set.

(a) Defroe ㊤ ‥= (E ⊆ X i EorECis counぬble).

(i) Show that ㊤ is a o- algebra on X.

(ii) Le七Sここくくか恒∈X)・

Show that ㊤ = O(S), the o’- a,lgebra generated by S.

(b) Define/信㊤ → [0,∞) by

所E) =

(　　Showもhaもん白s a皿eaぶure On e.

Now let X = R. Evaluate (i) “(2Z) and (ii) #(R¥2Z).

【10十10 poi皿国

i25 po轟sl

【20 points!

[25 poin画

[5十5 point81

4. (a) Let (X,㊤,のbe ameasurespa,Ce and A∈ 9 wi七h所A) = 0.

(i) Let @ be a non negative sirnple measllrable function.

Show七ha七五めd手に0・

(ii) Le=’be a non negative measurable function'

Show that J詰dI4 = 0.

【15 pointsl

l15 poin叫

(b) Let (X,㊤,H) be a complete measure space and let / : X →隠be a measurable

function. It is given that / = g∴坪- almost everywhere・

(i) Show that g is also measurable.

(ii)調f ≧ 0. sh。Wもhat !fdI↓二IgdIふ

【20 poi孤もsI

いO poin申

Co重症inu鎖l …



(c) Consider the Lebesgue measure space ([0・ 1],C・m). Let / :掴→恥be define by

f(可=Z andlet g : [0珂→ R bedefineby

9(か=

〈一軍ifα∈IO,1】nQ,草　if雛∈lO,lIn(取¥Q)

(i) Using the defil封ion, Show that / is measuI.able.

(ii) Show that g is also measurable.

(iii) Ev血uate Igdnも.

5. (a) State clearly t'he卿o(九0棚CO棚e7pe耽e i庇orem and the極。壷虎,,脇。.

早0十10 points]

串O points】

(b) Let (X・ ㊤のbe a measure space and let伍) be a sequence of non-negativ。 m。aSu._

abIe func七ions on X.

(i) Ifみ≦ f foT all 7‘ ∈ Z+, Where / is an integrable functi。n,

Show that limsupれ→∞ J五叫≦ Ilimsupれ→∞畠中

(ii) IfみCOnVergeS POiutwise to / and # ≦ f for all n ∈ Z+,

Show七hat li恥→∞子方dH二IfdIん・

(iii) LetみCOnVergeS POintwise to / and r㌦ ≧ f for all ,? ∈ Z+.

Is it tme that limれ→∞ IみdI↓ = I fd/L? justify your answer.

6言tate and prove the 4ebe鋤↓e Dom海面ed Cb刑eng印ce Theo7℃m.

(a) Let (X, ㊤誰) be a measure space and let / be an integrable functi。n.

Showthat/L(佃∈X廿f(勾I≧α)) <∞forallα>0.

[10十30 points]

【15 poinも3】

(b) Let (X, ㊤,のbe a measure space and let伍) be a sequence of integrable fun。ti。nS

SuChもhat ∑窪古間d巧く∞.

Show that ∑芸I f言s integrable and I (∑岩1 ”如= ∑註I子方,加工10+15 points】

(c) Let / be an Lebesgue integrable function on (0. 1).

Find the following limit and justify your steps:

畠阜十聖)ゐ・　　　　{20 po章ntS-

[Hiut; %umay uSe theelementary iIlequalities: ln(1十y ≦ 2所and (1 +許≦串


