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UNIVERSITY OF RUHUNA
FACULTY OF SCIENCE
BACHELOR OF SCIENCE SPECIAL DEGREE IN M ATHEM ATICS
LEVEL I (SEMESTER I) END SEMESTER EXAMIVATION — OCTOBER, 07

SUWJECT: MATHEMATICS CoURSE UNIT: MSP i184 - MEASURE THEGRY

Ariswer ALL Questions ’3‘11 a2e Allcwed: 3 hous:

1. (a) Let A C R be such that m*(A4) = 0.
Show that m*(B) = m* (AU B) = m* (B\A) for every F T R. [20 points|

(b) Let (X, ©, u) be a measure space. Let E, F' € © be such that E C F.
Is u(F\E) = u(F) — p(E)? Justify your answer. [20 points]

(c) Let X = {a,b,c,d}, where a,b,c and d are all distinct. Let C = {@, X, {6} ,{a,c}}.
Write down o (C), the o— algebra generated by C. [20 points|

(d) Let f:[0,1] - R.
Suppose that the set {z € [0,1] | f(z) = a} is measurable for every a = R.
Is f measurable? Justify your answer. {20 points|

(e) Let f:[0,1] = R be defined by

f(z) = 3y/z; if z is irrational,
= 0; if otherwise.

Find [ fdr. [20 peints]

2. (a) Define the Lebesyue outer measure, m*(E), of a subset £ of R and the Lebesgus:
measurable subsets of R. (10+10 points]

.b) Let A C R and Let { £, } be a sequence of mutually disjuant Lebesgue measurable
subsets of R.

(i) By mathermatical mnduciion or otherwise, show that

m‘ (ANE;) foralnez®’. [30 pointsj
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[Hint: You raay use the fact that |J Ej is Lebesgue measurable for all n € Z+ ]
k=1
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[>] o
(ii) Hence, show that m* ( UAan En)) = Y. m*(ANE,). [20 points]
n=1 n=1

o0 o
(iii) Deduce that m* ( U En) = Y m*(Ey,). [10 points]
n=1 n=1
(iv) Let { F,} be a sequence of subsets of R such that F,, C E, holds for each n € Z*.
[e o] o0
Using part (ii), show that m* ( U Fn) = Y m* (Fp). [20 points]
n=1 n=1

3. Define a 0— aigebra, ©, on a non-empty set X and a measure, i, on a measurable space
(X,0). [10+10 points]

et X be an uncountable set.

(a) Define ©® := {E C X | E or E°is countable }.

(i) Show that © is a o— algebra on X. (25 points]
(ii) Let S := {{z} |z € X }.
Show that © = ¢(S), the o— algebra generated by S. 120 points]

(b) Define p: © — [0,00) by

0; if E is countable,
WE) = i )
1: if FE° is countable.

Show that 1 is a measure on ©. [25 points]
Now let X = R. Evaluate (i) u(22) and (ii) p(R\22). [5+5 points]

4. (a) Let (X, 0, ) be a measure space and A € © with u(A) = 0.
(i) Let ¢ be a non negative simple measurable function.
Show that [, ¢ du = 0. [15 points]

(ii) Let f be a non negative measurable function.
Show that [, fdu = 0. [15 points]

{(b) Let (X,©,u) be a complete measure space and let f : X — R be a measurable
function. It is given that f =g p— almost everywhere.

(i) Show that g is also measurable. [20 points]
(ii) If f > 0, show that [ fdu = [ gdp. (10 points]
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(c) Consider the Lebesgue measure space ([0,1],£,m). Let f :[0,1] — R be define by
f(z) =z and let g : [0,1] — R be define by

_ == if z € [0; l]nQ‘
9(z) = {m’ ifz € [0,1] N (R\Q).

(i) Using the definition, show that f is measurable. [15 points]
(ii) Show that g is also measurable. [10 points]
(iif) Evaluate [ gdm. [15 points]

5. (&) State clearly the monotone convergence theorem and the Fatou’s Lemma.

[10+10 points]
Prove the Fatou’s Lemma. {20 points]

(b) Let (X, ©, ) be a measure space and let { fr} be a sequence of non-negative measur-
able functions on X.

(i) If fn < f for all n € Z*, where f is an integrable function,

show that limsup,,_,, [ fodu < [limsup,_,., fadp. (25 points]
(ii) If fa converges pointwise to f and f, < f for all n € Z*+,
show that lim, ;e [ fndp = [ fdu. - [20 points]
(iii) Let f, converges pointwise to f and f, > f for all n € Z*.
Is it true that limp 00 [ fadp = [ fdu? justify your answer. [15 points]
6. ! tate and prove the Lebesgue Dominated Convergence Theorem. [10+30 points|

(a) Let (X, ©, 1) be a measure space and let f be an integrable function.
Show that u({z € X | |f(z)| > a}) < ¢ for all & > 0. [15 points]

b) Let (X,©, 1) be a measure space and let {f,} be a sequence of integrable functions
such that 327, [|fn]dy < oo.
Show that >, fn is integrable and [ (30, f,)du = >me1 J fndp. [10+15 points]

(c) Let f be an Lebesgue integrable function on (0, 1).
Find the following limit and justify your steps:

1 ! -
: [/ ()] :
kli)rgo d kln (1 +0 ) dz. [20 points]

{Hint: You may use the elementary inequalities: In(1 +1) < 2y and (1+ %)" < e®.
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