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Answer ALL questjons.

1. a) (i) Define a metric space (X, d).
(i) Let (X,d) be a metric space and d: X x X — R be defined by

d(z,y) = min{1,d(z,y)}, z,y€ X.

A}

Prove that d is also a metric on X.- [25 Marks]
b) (i) Define a convergent sequence and a. Cauchy sequence in a metric space.

(ii) What is meant by saying that a sequence in a metric space is bounded ?

(iii) Let {z,} be a convergent sequence with limit z in a metric space (X, d).
Show that the sequence is bounded. _ [35 Marks]

¢) (i) Define a complete metric space.

(ii) Prove that, if (X, d) is a complete metric space and Y is a closed subspace
of X, then (Y,d) is complete.

(iii) Let X = C[0,2] be the set of all continuous functions defined on [0,2] and
the metric d; on X be defined by,

4(9)= [ f@-s@l &, fgex

Using the sequence of functions {f,} in X defined by

)z ifze|0,1),
f”(x)_{l if z € [1,2]

show that the metric space (X, d;) is not complete. [40 Marks]




¥

2. a) (i) Let (X,d) be a metric space. What is meant by saying that a function
f: X — X is a contraction ?
(ii) Applying the Banach fixed point theorem show that the integral equation
1, z
f(:t):?: + [ uf(w) du
0
has a unique solution in C [0,1] under the supremum metric. [40 Marks]
b) (i) Let (X,d) and (Y, p) be two metric spaces and {f,}32,; be a sequence of
functions defined from X into Y. Define the pointwise convergence and
uniform convergence of the sequence { fn}n2 to a function f.
(ii) -Suppose that a sequence of functions { f,}is defined by
f@) =1+, zeR
n(@)=z+_ T .
Considering the usual metric on R,
i. find the pointwise limit f of the sequence.
ii. show that {f,.} converges to f uniformly as n — 00.
iii. show that the sequence { f2} converges to f 2 pointwise, but the convergence
is not uniform, here f2(z) = (fa(x))* [60 Marks]
3. a) (i) Define a normed space .

(i) Let X = C[0,1] and let (X, |- 1l1) and (X, || - [leo) be two normed spaces in

the usual notation. Let || - || : X — R be defined by
[ £l = min{|| flleo, 2 fll1}, [ €X.
Determine Whéther (X, -1) is a normed space. [35 Marks]

b) (i) Define a Banach space.

(ii) Consider the space X of sequences of real numbers defined by, in the usual
notation, X = {z | z € I®,z = {z:},z: = 0 for i > n,n € N} with the
supremum norm. Using the sequence {z,} in X given by

1 1
n— 1)—7-'-1'—_a0)07"' )
T =y gre sy )

show that (X, | - ||) is not a Banach space. [35 Marks]
¢) (i) What is meant by saying that two norms are equivalent?
(ii) Let X = R™ and let the two norms lzll2 = et lxilz)% and
|z|loo = 111<1a2<|:c,| be given, where = = (Z1,Z2, - - - +Zn) ER®,

Show that _Hxlloo < |zl £ Vr|zlle for all z € R™ Are these norms
equivalent 7 Explain. [30 Marks]




4. a) Let X and Y be two normed spaces and 7' : X — Y be a linear operator.
(i) State what is meant by saying that 7" is bounded and continuous.
(ii) Prove that if T" is continuous at 0 then it is bounded. [30 Marks]
b) Let (C[—1,1],| - |lc) be the normed space of continuous functions defined on
[—1, 1] with the supremum norm. Let the operator 7' : C[—1.1] — R be defined
by )
L L 1
()= [ j® &~ [ 1@ d fecl11,
£ 0
(i) Show that 7' is a linear operator.
(i) Show that T is bounded and hence deduce that |7’ < 2.
(iii) Using the function f, : [-1,1] — R, n € N given by
-1 frel-1,-3)
falz)=4nz ifzrel[-L11
' 1 ifze (3,1
show that ||fu]lc = 1 and |T'f,| = 2 — 1. Deduce that 2 < ||T'|| and find
Il
: [70 Marks]
5. a) Define an inner product space. [10 Marks]

b) Let X be an an inner product space with an inner product < -,- >.

(i) If the inner product space X is real, prove that, in the usual notation,
4<z,y>=z+yl*— [z -yl
(ii) Let {z,} and {y,} be two sequences in X converging to z and y respectively.

Prove that the sequence < z,,¥, > converges to < z,y >. [35 Marks]

c) (i) What is meant by saying that a system (Zn)nen in an inner product space
is orthogonal and orthonormal?

(ii) Let X = C[0, 1] and the inner product be defined by < f, g >= fol fg(t) dt,

frge X.
Find the value of p such that the functions f(¢) = ¢ and g(¢t) = 3t — p are
orthogonal. ' [20 Marks]

d) (i) Let X be a Hilbert space and {u1,us, ...} be an orthonormal basis of X.
i. Show that for any z,y € X,

oo
< T,y >= <z up > < Y, Uk >-
Yy Y
k=1

ii. Prove that if {a,} is a sequence of scalars such that the series Y o ; |a,|?
convergesnthen > > . a,u, converges. [35 Marks]




