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Answer Four (04) Questions only

)

State the Comparison Test (1 st type) for infinite series.
Hence

x
(i) determine whether the series Z

n=—k

is convergent or divergent;

1
van+vn+1

=28k ,
is divergent.

ii) show that the series
) = ; n2t="1

o oo =
S a’TL
Suppose that E a, and E b, have positive terms and = — lasn — oo, where
n=1 n=1 T

[ # 0 is finite.
Show that

oo oo
(i) Z a, is convergent if Z b, is convergent.

n=1 n=1

(i1) Z a,, is divergent if Z b, is divergent.

n=1 n=1
o0
B 1
Use the above test to determine whether the series Z (n®+1)5 — n] is convergent

n=1

or divergent.

d)

Show that the geometric series 1 +r + r? 4+ ... with positive terms converges if
r < 1 and diverges if r > 1. :
=
Use Cauchy’s Integral Test to show that the series Z — converges, ifp>1
T x
n=1
and diverges if p < 1.
o0
. = = =
Does the series Z (==tlo ) converge? Justify your answer.
n
n=1
=
For which positive values of k can the Ratio Test be used to prove that —

n=1

is convergent. Justify your answer.
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3.

o0
s
Let Z a,, be a positive term series such that = =a+— b + — Where a>0,p>1
n+1 n

n=1
and {v,} is a bounded sequence.
Show that

a) Zan converges if & > 1 and diverges if o < 1, whatever 3 may be.

n=1

b) fora=1, Za,,, converges if 3 > 1 and diverges if 8 < 1.

n=1

Discuss the convergence of the series
oo (ny)z IEZ"'H

Z——.(én—)!_, 7> 0

n=1

4.

a) Deﬁne the absolute convergence and conditional convergence of a given series

Zan

Determme whether the following series are absolutely convergent conditionally
convergent or divergent.

L
(0 n4+)7
(i) = 1)“

b) Explam why the alternating series test cannot be used to decide the convergence
or divergence of the series
o0

S (-3 5)

c) State the Abel’s Test.

Use Abel’s Test to verify the convergence of the series

[o o}
Z COSNx
nd

n=1

5.

a) Let f be a bounded function on [a,b]. Prove, in the usual notation , that

(@) L(P,f) SU(Rf);

(i) / fdx</ fdz

[ You may assume that L{P, f) < U(P*[), where P* is a refinement of the
partition P of [a, b].]
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; b i — e e e e =
~ ) Letf(‘l) I,xé[(),l]andpn {[O,Tl],[n,n], 1[ n an]a 1[1 nvl]}
be the standard partition of [0, 1]. By using part a)(ii), show that f is integrable

1 1
a.nd/(; fdz = 5
¢) Let f(z) be defined on [0,1] as follows:

(1—2?)2 ; u is rational.
flz) = =
1—=z x is irrational.

3

Find the upper and lower Riemann integrals for the function iie
Is f Riemann integrable on [0,1]? Justify your answer.

6. a) Let f be a bounded function on the interval [a,b], and P and P* be partitions
of [a, b}, where P* is a refinement of P. Prove, in the usual notation, that
L(P, f) < L(P", f)-
What is the relation between U(P, f) and U(P*, f)?
b) (i) Let f be a bounded function on [a,b]. Prove , in the usual notation, that
the function f is Riemann integrable on [a, b] if and only if for every € > 0
there exists a Riemann partition P of [a,b] such that
- U(P,f)— L(P,f) <e. '
(i) Let £ : [3,6] — R be the function given by
2= 3 <A
- flzy=41; z=4
A e < 6 :
For the partition P, = {3,4 — k,4 + k,6}, where 0 < k < 1, use the Riemann’s
criterion in b)(i) to determine the integrability of the function =
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