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Answer six (06) Questions selecting twg (02) from each section

Section A

1. a) Define L{F(t)}, the Laplace transform of a function F'(¢), denoted by f(s).

b) If L{F(t)} = f(s) then show that ,
(1) - L{e®*F(f)} = f(s —a),8>a (i) L{sinhat}= __a__ s > |a]

() LEF() =~ f(s) () £{8Y) - / flu

c¢) Find the following Laplace transformations:
(i) L£{(2e*sindt}, (i) L {tsinh4t},

(iii) L{Siiht}, i) ﬁ{-‘iﬁ—;—{i}

W) L {/{ Sizudu}.

2. a) Define the inverse Laplace transform L'.”l{'_/'(‘s)} (_E’.éf fls).

b) Show, in the usual notation, that
L {f ()} = —tF(2)
c¢) Find following inverse Laplace transformations:

s [25° + 1087+ 8s+40 e s+ 2
s Car e o

(iii) £ {h& (1 +Si2> }

d) State the convolution theorem for the Laplace transformations. Apply convolution theorem
to find the following inverse Laplace Transforations

RS s e
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3. a) Let L{Y(t)} = y(s). Show, in the usual notaticn, that
(1) L{Y'(t)} = sy(s) — Y'(0)
(il) £{Y" (1)} = s’y(s) — sY(0) - Y'(0)
b) Using the Laplace transform met hod solve the following system of ordinary differen.

equations: &
daxX dY .

ra |
. X(0)=3,Y(0)=0, X'(0) =-2.

Section B

1. ~a) Show,in the usual notation, that

® c{Z = suie,s) - U(w,0)

ot @
O*U(z,t
(ii) E{—a(t;i—)-} = s*u(z,s) — sU(z,0) — Uy(z,0) -
P oU(z,t) du(z, s)
L - = ——
(iii) { e } iz and
82U (z,t d*u(z,s)
ox? dx?

b) The faces ¢ = 0 and = = 1 of a slab material for which thermal diffusivity k& = 1 are kept at
temperature 0 and 1 respectlvaly until the temperature distribution becomes u = z. After
time ¢ = 0 both faces are held at temporature 0. Determine the temperature distribution at
time t. i
[You may assume that €

inh T 2= (-1 _s2% . /m
_1{511.1 :c\/g}z’r 2 ( )e”—o‘sin{?ﬁ).]
ssinha/s a T on o
2. a) For m > 0, n > 0, the Beta function, B(m,n) is defined as:
1
B(m,n) = / g™ (1 — z)""dz.
0
(i) Using Laplace Transform methods show in the usual notation that &
I'(m)l'(n) ’

Bim,n) = T(m+n)

/2

(ii) Use the above result to show that 2 / sin®™ 1 0 cos® ! 0df = B(m,n).

0

b) Show folowings using the results in part (a)
1
(i) / a:s/z(l—m)zdx=116 (ii) / r*V4 — z?de = 27
¢} o
37 T

(iii sin® 6 cos® 4df = — = —,
i [ v / =it
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c) Use Laplace transform methods to show that,

/ cos z2dx = —-\/—E
0 2v/2

[In the usual notation you may assume that I'(p)['(p — 1) =

- ,0<p<1.
sin p7 z ]

3. a) Suppose that f(z ) is a perlochc function with the period 2L and its Fourier series is given

nm
byf(z)=—+2(ancos—i~+b sin — T )for el whereao——/ f(z)dz,

= Z/Lf(x)cosTd:c and b, = Z/—L f(a:)sm—L-—dz forn = 1,2,3,.... Show that f

satisfies the Parsval’s identity

1 & 2 ag’ o / .
i dr = =2 2 b2
7 /_L (f@) do=2+ n§=1: (a2 +82)

b) Obtain the Fourier sine expansion of f(z) = z(7 —z) , 0 < z < 7 in the form:
o= sinz i sin 3z % sindz
S 7r 13 33 53 1 e .
Hence, deduce that

) Z T~ 2
- {

(ii) Z ( 2n = and
(iii) ilé = :

S'ection C

dy
1. a) The Legendre differential equatlon is given by (2% — 1)3—2 + 2£L'd —n(n+1l)y=0.
Using the recurrence formula

(z* = Dpl () = n{zpn(z) — pn_1(z)}.

Show in the usual notation that zp/,(z) — p},_;(z) = np,(z); where p,(z) are the Legendre
polynomials of order n.
Hence show that

P (z) — 11, _1(2) = (2n + V)pa(z).
Deduce that

| 2@} = @) = ).

b) Show that the Rodrigue’s férmula

d’n

1
Pal®) = o (a2 = 1)
Is a solution of the Legendre differential equation; where n is a positive integer.
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2.

a) The generating function of the Bessel function J,(z) is given by

62(t_t) _ Z tn

n=—o<

By substituting ¢ = ¢, prove that the Bessel functions have the integral represer.cation

™

1 K
Il @) = —-/ cos(n¢ — zsin ¢)d¢.
0 .

Deduce that

2 ' coszt
(1) JO(:E) \/T-——fidt %

(ii) J,(z) = ;{Jn_l(w) — Jas1{@)}-
b) Show that

Jolz) = ! ) (—;—)n /0~r cos(z sin ¢) cos™ ¢do

Jal(n+1/2

[You may assume that Jon(z) = (=1)"Jo(z)]

. The Hermit polynomial Hy(x) of degree n associated with the Hermit differential equation

“*
d*y dy
EEE = QTE- + 2"1’1/ =0
is defined by |
_ >\ Hyp(z)t" ‘
2nz—t2 _ n \
€ = Z ol
for all integral values of‘ n and all real values of z.
Show that
dar '
() Hla) = & (-1 (™) | “
(i) Hns1(z) = 2zHa(z) — onH,_(z), n>1
e 0, ifm#n
Hence deduce that - ‘1
/ w2 [Hy(x))de = +/72"n! (n + 5)
5
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