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Answer 04 Questions only.

The sets A and B are defined as follows:

A={z=z+iyeCz.yc Randr > a}.
and
B={:=z+iyeCiz,yeRanda < r < A},
where o, f € R and 0 < v < f3.
(i) Sketch the sets A and B in the complex plane.

(ii) Explain whether each of the above sets is (a) an open set, (b) a connected set. (c)
a domain.

Sketch the regions given by
(2) |z —i+2| =5, (¢) |z —i 42| > 5,
(¢44) |z + 2¢] < 1, (ev)Im z > 0.

in the complex plane

Let a be a complex number. Find lim, o a™ when |a| < 1, Does lim,, ., a™ exist,
when |a| > 1 ?. Justify your answer.

By substituting z = re'”, examine the continuity of the function
y g y

Rez?

= 2 #£0
L
(2) {O .

at z = 0.

In the usual notation, obtain Cauchy-Riemann equations in polar form

ov  10u v _ Ou
o rod o6 or
for the differentiable function f(z) = u(r,8) + w(r,6).
Hemnce, show that the function f(z) = 2", where n is any integer satisfies the Cauchy-
Riemann equations.
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(b) Find the complex conjugate harmonic function v(z, y) of u(z,y) = v + y* — 322y and
the corresponding analytical function f(z).

-

3. (a) Evaluate each of the integrals:

I = 3901 zdz,m =04 1,£2... where C| : |z| = r is traversed in the counter-
clockwise direction,

I, = fc_z(z —29)"dz, n =0+ 1,+2... where C, :
counter-clockwise direction,
(iii) Iz = fCa :(39~3)d3= where Cy is the curve |z — 3| = 4.

(iv) Is= §,, g2

|z — zo| = r is traversed in the

, where Cy is the curve |z — 3| = 2.

(b) State the Cauchy integral theorem for the integration of complex function.
Using theorem and extension evaluate the integral [ = flll=1 f(2)dz, where

X 3z 4+ 4
f(z) = -

z(z + 2)

4.

(a) State the Cauchy integral formula.

Using formula, evaluate each of the following
integrals:

(1) ﬁzi:? zz—_ldz’ L Z O’
(i) ¢, ;Ttl—gdz, for the cases (a) C: |z =3[ =1,(8) C:|z+3| =1, (v) C: |z| = 4.
(b) State the Cauchy integral formula for derivatives.
integrals:

(1) $.- m € (—o00,0] U [1,00),
(ll) fC mc—:dl where C : IZ = ]! =9,

Evaluate each of the following

dz,

eZ
.-771
dz

5.

(a) (i) By using Cauchy integral formula, in the usual notation, obtain the Taylor series
expansion

- n 1 n
f(2) = an(z - )" where a, = —f"(z0),

n=(

for an analytic function f(z) inside a circle |z — z| = R(> 0).

(ii) Find the Taylor series expansion and its radius of convergence of the function

1
o= e Ty
about z = (.

Continued.



—~~

1

J(z) =

(22 — 1)(22 — 4)°

b) Find all the possible Taylor and Laurent series expansions about z = 0 of the function

—~~

—~

I

a) State clearly the Cauchy residue theorem.
Suppose complex function is given by

(i

) find all the singular points of f,
(ii) find the residues cach of the singular points,
1i)

[2] =2.

b) By Cauchy Riemann theorem, Evaluate the integral

/'°° sin 2z
‘_—‘d.’[:.
Jo  z(a?+32)

(iii) use the Cauchy Riemann theorem to evaluate the integral §£c f(

2)dz where C :
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1. (@) A B ReH6s cvp =88 50 ed a»:
A={z=x+iyeCz.y e Randz > a},

B={z=z+iyeC;r,ycRanda < z < B},

A\

2 B @emws) B need e 653,
¥ A & B memws’ (o) S0 menass, (b) wa@ neoos, (o)
DCS“’;/"% & Q(a vkc“(ge DO,

e®B a.BER 9 0 < o
()
ii)

(i)]z =i+ 2] =5, (1) |z —i+ 2| > 5,
(1id) |z + 21) < 1, (iv)Imz > 0.

9823 047 cID gedn wBbm peed cra BT

a wp) BBen %@uaqﬁ 3B 0B, lal < 1 O B8O lim,_ea® & FOB
39 cszﬁz,ﬁ la| > 192 8O limy 00 a” @4 0B ? Ded BEDS LmrIEmG DO
z =re’ wB¥) Mednens’ 2 = 0 cBeedl

Rez? .
fz) =4 1 270
0 z =0,

Gow w53 Bmend 28z8e wosi.

2. (&)

BE0 WS, f(2) = u(r.0) + iv(r.f) v ednes §ow wew OOD
2TNCeWs) I8 3823 wdmsen

ov l1ou Ov ou

o rae o6 or
CHOBID. S8, n ) don® BIcws O 8D f(2) = 27 Bow eI
8153 w@mSem matn B AD erO.
¢, f'(z) @usis.
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i g) = - 3z%y §oews apnDbBe wBsew 5B v(z, y) 0o @BY6
e @5} f( ) @B

L3D) E3EB) I O FBYDEWS) FOLBID).

(i) I = fcl Mz, n=0+1,£2... @@ (1 : |z| = r &) Dr1DDEB® Ed
@8 880w, '

iy b= fcz(z —2zp)"dz,n=0%1,42... 608 Cy: |z — z| = 42 DIIWVED
3@38@ & uB8 88OPWA,
(1ii) Is = ¢, z—fT)dz, 6B C3 &z |z — 3| = 4 Dr:DDBB ENdD § DB,
(V) Is = §, soqyd2, €98 Gy 52 |2 — 3| = 2 D12:08 EmdO § Db,

oAb Gow e O eI ¢oEs Yodw Zone D055,
@38 oy Zedu wy S8 ddondy wmdnewsd I = oo f(2)d2, 0O
ATIDERDB OB, OB

3z +4
z(z+2)’

fz) =

4. (@) I8 ATYDED FHW WEWTS DSBS,

e3p)03 IDBEWTS, BB BEWSS O O eMWEWBS FOGBI:

( ) fizlz‘z :h_nl—dzv n Z O
i) @DedCzs eseem (o) C: |z =3[ =1,(B) C:|z+3| =1, (7) C: |z| = 4,

z+1
o dz

(@) @DDEDG 36 D @238 3ZDED 5T WEWDS DSTID.

BHD) €362 O O FBYDE WSS FHOBID).
(i lel=1 £dz, mé€ (—o00,0] U1, 00),

i) e=I8 amE s LY BB WSS B¥Es (g @BTOWLS, |2—z2)| = R(> 0) O
Darinzmns e Bel f(z2) SdeE8 ow e 96(3@5 g€ 5LICETHB

s 1
Z (z—20)"; a, = —'f(”)(zo),
n!

=g}

3IICEWB] OB,

2 BB A.
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