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Answer 04 Questions only.
A calculator is provided.
1. (a) What is the difference between a sequence and a series?
(b) What is a convergent series? What is a divergent series? Give one example for
each of the cases.
n n
X (¢) Explain the differcuce between Za,» and Za.,-.
i=1 =1
(d) A certain ball has the property that each time it falls from a height h onto a
hard, level surface, it rebounds to a height rh, where 0 < 7 < 1. Suppose that
the ball is dropped from an initial height of H meters.
(i) Assuming that the ball continues to bounce indefinitely, find the total
distance that it travels. (Use the fact that the ball falls 19t meters in
t seconds.)
(ii) Calculate the total time that the ball travels.
(e o] o0 >
2. Suppose Zan and an are series with postive terms and an 1s known to be
n=1 n=1 n=|\
o divergent.

o0
(a) (i) If ay > b, for all n, what can you say about Za,,,? Why?

n=1

oC
(iy If a,, < by, for all n, what can you say about Z(I’”? Why?

n=1
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(d)

o ¢
5 5 an =\ 5 )
Prove that if lim — — oc, then ‘»_J ap 1s also divergent.

n—oo () 4
7 n=1

Use Part (b) to show that the following series diverges.

o
Give an example of a pair of series E ay and E b, with positive terms where
n=1 n=il
a o
. n .
lim — =0 and b, diverges and a, converges.
b A

n—oo n
n=1 n=1

Draw a picture to show that

i ! /OC : dx
'nl /; I R

What can you conclude about the series?

Suppose f is a continuous, positive, and decreasing function for z > 1 and a,, =
f(n). By drawing a picture, rank the following three quantitics in increasing
order:

f( ) i Z a; Z a;
=1 i=2

Find the values of p for which the following series is convergent

o

1
nZ=3 nln nfln(ln n)pP’

oo
1
Find the partial sum syg of the series E v Estimate the error in using s,y as
n=1 L
an approximation to the sum of the series.
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4. Let Zan be a series with positive terms and let Tn = Qp+1/a,. Suppose that
n=1
oo
lim r, =L < 1, 50 Zan converges by the Ratio Test. As usual, let R, be the
n—00
=1

remainder after n terms, that is,
Rn = Qp41 + Un42 s LT

(a) If r, is a decreasing sequence and r,,; < 1, show, by summing a geometric
series, that

(4|
R, < ——
1= T+l

(b) If r,, is an increasing sequence, show that

Ay
R’ll < . .
L=l
= 1
(¢) Find the partial sum s; of the serics E ——. Estimate the error in using s5 as
128
n=1

an approximation to the sum of the series.

(d) Find a value of n so that R, is within 0.00005 of the sumn. Use this value of 1
to approximate the sum of the series.

5. (a) What is a power series?

(b) What is the radius of convergence of a power series? How do you find it?
(c) What is the interval of convergence of a power series? How do you find it?

(d) Find the radius of convergence and the interval of convergence of the series
oo

. (.’L‘ _ 3)"
2 0

n=1

(e) Use differentiation to find a power series representation for

1

flx) = GrIE
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(f) Use part (e) to find a power series representation for

1

flz) = Grp

6. (a) Let [a,b] be a closed bounded interval and let, f be a function on [a, b]. Define
each of the followings:

(i) A partition of [a, b)

(ii) Upper Riemann sum of f over [a, b]
(ili) Lower Riemann sum of f over [a, b]
(iv) Upper Riemann integral of f over la,b]
(v) Lower Riemann integral of f over [a, ]

(vi) Riemann integral of f over [a, b].

(b) Let f be the function

gy =d il l<w<
flz.y) = { 0 otherwise.

(i) sketch the graph of f.
(ii) In the usual notation, evalnate L(f. P) and U(f, P) for the partition

NERY

2

P={-1-3}1-5.0.00.5

(c) (i) State the Fundamental Theorem of Calculus.

(ii) Using above theorem evaluate the following:

d J*

— xXp(-=<1%)di
i 1. exp(—t7)
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