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Answer Two (02) Questions only.

a) In the usual notation, define

(i) the pointwise convergence, and )
ii) the uniform convergence

—

or a functional sequence {f,(z)}>., on D C R.

—

Determine whether cach of the functional sequences has a pointwise limit, if so find it.

i) Functional sequence

fu(k) =n(mod k), k€ {1,2,3},

where n(mod k) is the remainder when n is divided by #,
i) fu(z) =e™™" on [0,3].

how that lim,,_,« f.(z) = f(z) vniformly on [a,b] if and only if M, — 0 as n — oo
there { f,,(2)}22, is a functional sequence such that

U —

b=}

lim f,(z) = f(x), for z € [a,b], and
n—oo 4

M, = sup lfn(w) = f(CC)I C

z€[ab)]
Hence, determine the uniform convergence of each of the following cases.

1) fo(@) =2(1-31) and g,(z) = -z for z € (0,1). How about their product ?. Justify
your answer.

(] Ful) = 2% for w = 0.

d) Show that the functional sequence { Ju(2)}22,, where

n*r, 0<z<1/n
falz) ={ -n’z+2n, 1/n<z<2/n
;- 2msz<]
is not uniformly convergent on [0,1], by stating clearly the theorem you may use.
1 Continued.




2. a) Consider the following functional series
oo
%
—~[(n+ 1z +1)(nz + 1)’
define on [a,b] where 0 < a < b.
(i) Write down an expression for the partial sum of the above series.
(ii) Find the sum function of the above series.
iii) Show that the above series is not uniformly convergent on [0, b], by stating clearl
g b2 2] g Y
the theorem you may use.
b) In the usual notation, state the Weierstrass M test for functional series.
Hence, determine the uniform convergence of each of the following functional series.
(1) 2nz mpeaz on (2,3,
(i) :
2z 2%8 A
+ + +...on{—1/2,1/2].
I1+2?2 142t 1+a8 21
3. a) By using properties of uniform convergence, compute

1
lim fnl)dz
0

7.—>00
where f, : [0,1] — R and
nz + sin(n?)
Flgl=g——
n
b) In the usual notation, state and prove the Dirichlet test for a functional sequence.

[you may assume that for a, and b, real sequences, it can be defined the Abel’s partial
sum identity as '

Z arbr = Apbpyy — ZAk(bk+1 —by),
k=1 k=1

where A, =a; + a3+ ... +a, ]

Hence, show that
oo (_1)n+1

2

n=1

is uniformly convergent for all z € R.

c) Let
Ja(z) = /22 4+ 1/n2, 2z € [-1,1].

Discuss the uniform convergence of {/u(2)}32, and the differentiability of the limit
function at z = 0.
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