Contenls 11i

Contents

Declaration of Authorship i
Acknowledgements : ii
List of Figures viii
List of Tables Xii
Abbreviations xiii
Notations Xiv
Abstract XV
1 Introduction ‘ 1
1.1  What is pattern formation? . . . . . . . . . ... oL 1
1.2 Overview . . . . . . . . . ... [P 2
1.3 Physiology of corals . . . . . . . .. ..o 3
1.3.0.1 How coral polyps feed . . . . . . . .. .. ... . 4

1.3.1 Reproduction process of polyps . . . . . . . . . ..o 5

1.3.2 Coral Identification . . . . . . . . .. . .. .. 5

- 1.3.2.1 Coral morphology . . ... .. ... ... ... ... .. 6

1.3.3 Stonycorals . . . . . ... Lo ... 8

1.3.3.1 LPScorals ... ... ... ... ... R 9

1.332 SPScorals. . ... ... . ... ... ..., PR, 9

1.3.4 Coral patterns and growth factors . . . . . . ... .. .. ... .. 10

2 Modelling pattern formation process , 13

2.1 Introduction to Reaction, Reaction-Diffusion,

Reaction-Diffusion-Advection Systems . . . . . . . o000 13
2.2 Pattern Formation and Reaction-Diffusion Systems . . . . . . . . . .. .. 15
2.2.1 Turing instability . . . .. ..o o000 16

2.2.2  Some pattern formation Reaction-Diffusion systems . . . . . . . . . 20



Contents v

2.2.2.1  Alan Turing’s spot-formation system . . . . . . . . . . .. 20
.................................. 20
............... O §

2222 Gray-Scott model . . . . . ..o o Lo 21

2.2.2.3 Hans Meinhardt’s spot-formation system . . . . . . . . .. 22

2.2.2.4 Hans Meinhardt’s strip-formation system . . . . . . . . .. 23

2.2.3 Branching patterns by RDS . . . . . ... ... 000 23

2.2.3.1 Spatial distribution patterns of bacterial . . . . . . . . .. 23

2.2.3.2 Some other branching structures by RDS. . . . . . . . .. 26

2.3 Pattern Formation by L-Systems and Fractals . . . . . .. .. ... . ... 26
2.3.1 L-Systems . . . . . . ... 26
2.3.2 Fractals . . . . .. 29

2.4 Branching structures by diffusion limited aggregation(DLA) method . . . . 30

3 Dynamics of ODEs ' ' 32
3.0.1 Autonomous system . . . . . . ..o 32
3.0.2 Non-autonomous system . . . . . . . . ... .0 33

3.1 Stability of the solutions of ODE systems . . . . . . . .. . ... ... ... 33
3.1.1 Poincare stability . . . . .. ..o oo 34
3.1.2 Liapunov stability . . . . . . . . . ... oo 34
3.1.3 Stability and linear approximation in two dimensions . . . . . . . . 35
3.1.4 Local stability via linear approximations . . . . . . .. . .. .. .. 36
3.1.5 global stability . . . .. .. .. L 37

3.1.5.1 Liapunove functions and global stability . . . . .. . . .. 37

3.2 Limit Cycles . . . . . .. ... o000 P 38

3.3 Bifurcation analysis . . . . . . .. ..o R
3.3.1 Local bifurcation . . . . . ... ... . ... e e e e e e e e 39
3.3.2 Hopf Bifurcation Analysis . . . . . . ... .. ... 39

3.3.2.1 Supercritical Hopf bifurcation . . . . . . . .. ... .. .. 40
3.3.2.2  Subcritical Hopf bifurcation . . . . .. ... ... . ... 41
3.3.3 Saddle-node bifurcation . . . . ... .00 41
3.34  Global bifurcations . . . . ... ... 42

4 Formulation of the models ' 43

4.1 Introduction to Modelling . . . . . . . . . ... oo 43
4.1.1 Mathematical modelling . . . . ... . ... . ... ... L 43

4.2 Derivation of a mathematical model for coral growth . . . .. . . .. . 44
4.2.1  Chemical reaction process of coral formation . . . . . . . . ... .. 44

4.2.1.1 Coral’s nutrients and the role of the CgH120¢ of the above
- chemical reaction process . . . . . . . . . ... ... ... 45

4.3 Formulation of some models . . . . . . ... 46

4.3.1 Assumptions and limitations . . . . . . . . . ... ..o 46

4.3.2 A reaction type mathematical model . . . . . . .. e 47



Contenls %

4.3.2.1 Nondimensionalization . . . . . . . . ... 000000
4.3.3  Another form of reaction type model . . . . . .. ...
4.3.3.1 Nondimensionalization . . . . . . . . ... ... ... .
4.34 A Reaction-Diffusion Tvpe mathematical model . . . . . . . . . ..

4.3.5 Simplification to a two-dimensional model . . . . . . .. ...
4.3.6 Nondimensionalization . . . . . . . . . .. o
4.3.7 A Reaction-Diffusion-Advection Tvpe mathematical model . . . . .
4.3.8 Simplification to a two-diwensional model . . . . . 00000 L
4.3.9 Nondimensionalization . . . . . . . . . . . ... L.
4.3.10 Modifying the model incorporate the aggregation of solid material
on coral surface . . . . . . ..o

5 Stability of equlibria

5.1 Steady states . . . . . . ..
5.1.1 Case Il (&> 2A\): . . . . . e
5.1.2 The local behavior of the equilibrium points via linearizion . . . . .

5.1.2.1 The linear stability of the steady state Sy . . . ... . ..
5.1.2.2 The linear stability of the steady state So . . . . . . . ..
5.1.2.3 The linear stability of the steady state S5 . . . . .. . ..
5.1.3 The structure of the trajectories in a region containing all the steady
states(Global behavior) . . . . . . ... o000
5.1.3.1 Heterioclinic connections and phase diagram in parameter
regions [ and 11 . . . . ... ...
5.1.3.2 Heterioclinic connections and phase diagrams in parame-
ter region I/ and IV . . . . . ... ...
5.1.3.3 Seperatrixes . . . . . . . ..o
5.1.4 Existence of oscillatory solutions . . . . . . . . ... ...
5.1.4.1 Stable and unstable trajectories and phase diagrams about
a neighborhood of Hopf bifurcation line . . . . . . .. ..
At parameter point FPy: . . . . . . ... oL
At parameter point Pz . . . .. ...
At parameter point P: . . . . . e
5.1.5 Existence of limit ¢ycles . . . . . . . ... o000
5.1.5.1  Limit cycles in the Region III . . . . . . . . . .. .. L
5.1.5.2  Growth forms corresponding to initial state lie 111':.1de and
out sides of the limit cycle . . . . . . .. . .. ...
51.6 Casell:a=2X\ . . . . . . . . ... ...
517 Caselll: oo <2A . . . . ... .

6 Pattern formation by RDS

6.1 Turing instability region . . . . . . . . ..o
6.2 Range of unstable wave numbers . . . . . ... ..o
6.3 Development of the branching structure . . . . . . . . ... ... ...

6.3.1 Aggregation of Calcium Carbonate on of corals . .". . . . . .. ..

48
49

73

75

78

81



Condents vi

7 Numerical results 103
7.1 RDS with time independent parameters . . . . . . . . . ... 103
7.1.1 One dimensional case . . . . . . . . . . ... .. 103
7.1.2 Two dimensional case . . . . . . . .. ... oL 106
7.2 RDS with time dependent parameters . . . . . . . . . .. ... 112
7.2.1 Pattern for linearly time dependent o (v x't) . . . .. . ... ... 112
7.2.2  Patterns for quadratically time dependent o (cv o #2) . . . . . . . . 113
7.2.3 Patterns for avoc t* . . L 115
8 Existence of the stationary solutions 116
8.1 Prioriestimates . . . . . . . . ... 117
8.2 Nonexistence of non constant solutions . . . . . .. . . ... ... ... .. 119
8.3 Existence of non constant solutions . . . . . . ... ... ... 124
83.1 Thecase oo =2\ . . . . . . . . 126
Hun=0:. .. . . 127
I >0 127
832 Thecase e >2X . .. . . . 128
8.3.2.1 The case Wo = (U2, V2) « « v « v v v vt 128
Ifum=0: .. . 128
fpum >0 0 o 128

8.3.2.2 Thecase w, = (U3,U3) . . . . . . .. 129
Hun=0:. .. . . . 129
Ifpum>0:. . . o 130
9 Discussion 132
9.1 Future work . . . . . . . L 135
9.1.1 Analytical Investigations . . . . . . . . ... ... 135
9.1.2 Numerical work . . . . . . . .. 136
9.1.3 Constructing new models . . . . . . . . .. ... 136
9.1.4 JAVA programs for simulations and visualization . . . . . . . . .. 136
A Important results from Functional Analysis 137
A.1 Maximumn principle and some inequalities . . . . . . . . .. ... 137
Maximum principle ([1]) . . .. . ... ... oL 137
Harnack inequality ([1]) . . . . . . . . . .. . ... ... .. 138
A.2 Topological Degree Theories . . . . . . . . . .. ... ... ... .. .... 138
B Finite difference schemes for RDS 140
Q C Codes 145
D Matlab Codes 160
D.1 MATLAB code for solving one dimensional RDS and plotting the results . 160



Contents vii

D.2 MATLAB code for density plot . . . . . . .. ... ... ... ... 162
D.3 MATLAB code for 3D-visualization . . . . . . . . . . . . . . . . ... ... 164

Bibliography 164



List of Figures vii

List of Figures

1.1
1.2
1.3
1.4
1.5
1.6

2.1
2.2
2.3
2.4
2.5

4.

3.1
3.2
3.3

4.1
4.2
4.3
4.4

5.1
5.2
5.3

A section of a coral polyp: Reproduced from [2] . . . . ... ... ... ..
Different types of corals . . . . . . .. . Lo oo
Some branching corals. Reproduced from [3] . . . . ... ... ... ... .
LPS corals: Reproduced from [4] . .. . .. . ... oL
SPS corals:ireproduced from [4] . . . . ..o o000 0oL
Three specimens of the coral pocillopora damicornis from sites increasingly

sheltered from water movement. Specimen («) is most exposed to flow;

specimen (¢) is most protected from flow. Reproduced from [5] . . . . ..

Computer simulated bacteria spread patterns: Reproduced from [6]

Reproduced from [7] . . . . .. . ..o
Tree like structure: Reproduced from [8] . . . . ... ... ... ... ...
Reproduced from [9] . . . . . . .. ..o
Computer simulated branching coral like structures: Reproduced from [10]

General transition between types of the stable point-Reproduced as in [11]
Possible types of supercritical Hopf bifurcations in two dimension . . . . .
Possible types of subcritical Hopf bifurcations in two dimension . . . . . .

Information flow in model building [12] . . . . . ... ...
Sketch of the reaction process of the model system . . . . . . . ... .. ..
Sketch of the reaction process of the model system . . . . . .. ... .. ..

Sketeh of the variation of u; and v, with respect to o: (a) us; (b) ve. . . . .
Nullclines and steady states of (5.1) for o« = 10, A\ = 4 (the case o > 2\).
Plots of u, and v, for different values of A\ (from left curve to right curves,
values of A\ are 1,3,5,7 and 9 respectively). (a) Solid and dotted curve
represent u, and u,3 respectively; horizontal solid line is g, (b) Solid and
dotted curve represent vy and v,z respectively; Horizontal solid line (along
aaxis) S v o ... ... LS
Different regions of the (a, A) space corresponding to equilibrium point S.

59

59
61



List of Figures IX

(S
c

5.10

5.11

5.12

5.20

Behavior of the linearized system about Sy at parameter points which lie in
different paramcter regions. (a) At region Ir v = 25, A = 12, in this region
Sy is an unstable node. (b) At region II: a = 24, A = 10, in this region S
is an unstable spiral. (¢) At region I1I: oo = 20, A = 6, In this region S is
an stable spiral. (d) At region IV: o = 12.5, A = 2. In this region S; is
stable node. . . . . .. L
Behaviors of the linearized system about S; at two parameter points (a)
on Hopf bifurcation curve for A = 3.5; (b) on the line o = 2\ for A = 1.5
(a)The region R; (b) A confined set containing S;, S; and Ss . . . . . . ..
Stable and unstable trajectories starting at Si: (a) in parameter region I
for a = 25, A = 12, (b) in parameter region II for «« = 24, A\ =10. . . . . .
A phase plane diagram (a) at region I for A = 12, o« = 25; (b) at region II
for A=10, =24, . . . .o
(a): some initial states in parameter region I which lie on stable and un-
stable trajectories at Sz and some other initial states. Growth forms cor-
responding to initial states (b) Ay, A2, Az, A4 and (¢) By, By, Bz and

Growth forms with an initial state near Sy at region / and /1. ("1 and C2
denote the growth forms in region 7/ and // respectively . . . . . . . . . ..
Stable and unstable trajectories starting at Sz in region: (a) III for a = 20,
A=6; (b) IV for « =125, A =2.0; (¢) IV for &« =24, A=05. ... ...
Phase plane diagram for: (a) region III for A = 6, o = 20 ;(b)region IV for
A =2, a =12.5. Domain of attraction (Shaded areas) of Sy in regions: (c¢)
I for A\=6, « =20 and (d) IVfor A\ =2, =125. ... . ... ... ...
(a) Some initial states in the parameter region /1 which are lying on stable
and unstable trajectories at S3 and some other initial states. Growth forms
corresponding to initial states: (b) Ay, Aa, A, Ay and (b) By, By, Bs and
By e
Three points in a neighborhood of Hopf-bifurcation hne ...........
(a) Stable and unstable trajectories starting at S; and (b) phase plane
diagram corresponding to parameter point Py for A\ =35 .. . .. .. ..
Growth forms at Py when the initial state lies: (a) above the seperatrix (b)
on the seperatrix (c) below the seperatrix. . . . . . . ... ... ... ...
(a) stable and unstable trajectories starting at S; and (b) phase plane
diagram; corresponding to parameter point Py, for A\g = 3.5, 6 = 0.009
Growth forms at P; when initial state lies: (a) on the stable trajectory of
Ss, which starts at S5 (b) near the Sy which doesn’t lie on stable trajectory
of Sy (c) sufficiently away from Sy . . . . . . ..o
Stable and unstable trajectories of S3 corresponding to parameter pomt
Pg.,fOI/\o—s.,(SZO.OOQ .........................
(a) Phase plane diagram (b) Phase plane diagram in a neighborhood of Sa;
corresponding to parameter point P, for A\g = 3.5, § =0.009 . .. ... ..

68

69

70

71

73

74

74

76



List of Figures X

5.22 Growth forms at P, when the initial state lies (a) on a point of the stable
trajectory of S; which starts at S, (b) at a point inside the limit cycle (c)
at a point near the Sy (Outside the limit cycle) which doesn’t lie on stable
trajectory of Sz (d) at a point sufficiently away from S> . . . . . .. . . .. 77
5.23 Stable and unstable trajectories at Sz at parameter point ((p2)c; + 6, A)
when A = 3.5 for: (a) 6 = 0.001 (b) 6 =0.01 (¢) 6 = 0.05 and (d) 6 =0.095 79

5.24 Homoclinic connection at S3 for A =3.5,8 =0.(3.5) =0.098 . . . .. . .. 79
5.25 Three initial points inside and out side of the limit cycle. . . . . . . . . .. 80
5.26 Growth forms corresponding A, Band C. . . . . . . ... ... 80
5.27 Nullclines for o« =10, A =5 (thecase o =2X). . . . . .. . ... ... ... 80
5.28 Phase plane digram for the case o« = 2A: (a) when A = 1.5 (b) when \ =
(c)when A=3. . . . . .. 81
5.29 (a) nullclines and (b) phase plane diagram for o = 8, A = 5 (a parameter
point in region o < 2A) . ... ..o 82
6.1 Curves to determine Turing space for d =0.001 . . . .. .. . ... .. .. 86
6.2 The curve o = (TC2)a; and o = (T'C4)cry curves for different values of d. . 87
6.3 Ay and As curves with respect tod . . . . . . . ..o 38

6.4 Sketches of Turing space. In cach figure dashed curve is o = (T'C2)cv,
solid curve is «« = (T'Cy)«v; and the straight line is «« = 2\. Shaded area is
the Turing space. . . . . . . . . . .. 88
6.5 (A, «) parameter space(shaded area) for different vales of d. In each Figure,
upper curve(dashed curve):ov = (T'Cy)«v1, middle curve(dotted curve): « =

(T'Cs)cvy, lower line(solid line):oe =2A . . . . . .. .. ..o 0oL 89
6.6 The plot of d. verses « for different valuesof A . . . . . . . . ... ... .. 90
6.7 The plot of max(d.). The dotted lineis d = (3 —2v2). . . ... ... ... 91
6.8 The plot of h(y) for d = d. = 0.648532, d = 0.6 < (lC ,d =04 < d. and
d=075>d. . . . . e 92
6.9 The plot of o, agains u for some different values of 0 when A=3 . . . .. 93
6.10 The plot of maxo,; from left to right curves are for A\ =2, A =6, A =9
respectively . . . .. L Lo oL 94
6.11 The plot of Npaxe; from left to right curves are for A =2, A =6, A =9
respectively . . . . . L. L e 96
6.12 Final steady state patterns and time evolutionofv . . . . . . .. .. e 97
6.13 1 and po curves for different values of A when d=0.001 . . . . ... ... 93
6.14 Ay and Ay curves for different values of d when A =21 . . . .. P 99
6.15 Branching structures of some corals. (a) Branching coral (b) Mushroom
coral. Reproduced from [13] . . . .. ... ... L .. 100

6.16 Growth bands of two specimens of coral (a) low-density annual growth
band in their apex (b) high-density annual growth band in their apex.
Reproduced from [14] . . . . . . . . . . .. 100

6.17 Sketch for the aggregation of solid particles(produced by reaction-diffusion
process) on the top surface of the growing solid skeleton. (a):initial state,

(b): starting state of the branching (b): two branches state . . . . . . .. 101



List of Figures N

6.18

7.4
7.5
7.6
7.7
7.8

7.9

7.10
7.11
7.12
7.13

8.1

Sketch for the development of 3D branching structure form a set of density
plots (If the density plot is multiplicative spot) of v at different thme steps

of the 2D model. . . . . . . . . ... ... R 102
Density plot of v(z,t) for different values of o and A. (a) for A = 0.5, (b)
for A =2.1, (¢) for A=10, (d) for A=20. . .. ... ... ... ... 104
Density plot of v(z,t) for A = 2.1, v = 4.2048 and different domain sizes . 105
. e A7
Density plot of v(z,t) for A = Ay = 11 +k, o = oy = —/\i———l for
kT
k=1,2,..9 Figuresin first raw for: & = 1,2, 3, second raw for:k = 4,5,6
and third raw for:k = 7, 8,9 from left to right in each raw . . . . . . . . .. 106
Spots initiation and multiplication process for the case o = 1.0, A=0.5 . 107

Spots initiation and multiplication process for the case o = 4.205, A = 2.1 108
Spots initiation and multiplication process for the case o = 9.2376, A = 4.0 108

Spots initiation and multiplication process for the case o =40, A =4.0 . . 109
Isosurfaces of v(z, ¥, t) for some parameter values which are lie on the lower
boundary of the Turing space . . . . . . . . . . ... ... ... 110
Isosurfaces of v(x,y,t) for some parameter values which are deviated from

the lower boundary of the Turing space . . . . . . . . .. . ... ... ... 111
Sketch for vy and oo in Turing space . . . . . . . . . ..o 112
Patterns for linearly time dependent «. . . . . . . . . .. . ... 113
Patterns for quadratically varying o with respect to time . . . . . . L. 114
Patterns for varying « with respect to the fourth power of time . . . . . . 115

Non-existence parameter region . . . . . . . . . . . . ... 121



List of Tables xii

List of Tables

5.1 Classification of the equilibrium point S . . . . . . . .. .. ..o L. 62
8.1 Number of negative eigenvalues for w, = wy when p,, =0 . . . . . . . .. 128
9.1 Steady states in different parameter regions . . . . . ... ... L0 . 133
9.2 Stability of S in different parameter regions . . . . . . ... 0L 133

D.1 Format of the program output . . . . . . . . . . . .. ... 162



