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1. (a) A particle P of unit mass moves in the Ozy plane so that its acceleration at time ¢ is
aw? sin wti + bw? cos wtj, where a, b and w are positive constants. Initial position and
velocity of the particle are —bj and —wai respectively. Find

(i) velocity of the particle at time ¢, ) [10 marks]
(ii) position vector of the particle at time t, [10 marks]
(iii) the Cartesian equation of the path of the particle, [10 marks]
(iv) the work done on the particle when it moves from ¢t =0 to ¢ = 2, [10 marks]
(v) torque of the particle at time t. /10 marks]

.. (b) A particle of mass m is projected vertically upward with an initial speed ug. The gravity
is constant but there is a resistant force mkuv? at speed v, where k is a constant. Show
that

(i) the maximum height, H, that the particle reaches is given by

k
2kH = In (1 + "0) and [25 marks]
g
(ii) the speed vy when the particle reaches the ground is given by
2kH = In ( : 2). | [25 marks]
g — kvg

2. a) Show in the usual notation, that the velocity and acceleration components of a moving
particle are given in cylindrical polar coordinates, (7,6, z), by:

(i) v=rE+ 708 + 33 [20 marks]
(i) a= (F —r®)F + ;——(7‘29)0 + Z2. [20 marks]

b) A particle is projected horizontally at the point r = a with velocity v along the smooth
inner surface given by z = - whose axis is vertically upward. If the particle is at the
a
point (r, 8, z) at time ¢, referred to cylindrical coordinates.
A
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(i) Show that the kinetic energy, T" of the particle is given by

7= % (7'20'2 + 72+ 22). [10 marks]
(ii) Obtain the equations, 7% + 7262 + 32 + 29z = C; and r20 = Cs, where C; and C,
are constants. [15 marks]
(iii) Find C; and Cs. [10 marks]
(iv) Show that (% - 1) 22 + (% - 1) v?+2g(z—a)=0. [10 marks]
(v) Find an expression for Z at ¢t = 0. [10 marks]

(vi) Show that initially the particle goes up or falls down according to
v? 2 2ga. [05 marks]

3. a) Obtain in the usual notation, the Euler's equations for the motion of a rigid body with
one point fixed. Marks 40

b) In the usual notations, the moments of inertia and products of inertia of a rigid body
with respect to Ozyz coordinate systemn are I, = 3k, I, = 2k, I, = 2k, I,y = I,,; =
I;; = I,; =0, I, = I, = k. Here O is the centre of gravity of the rigid body. Show
that the principal moments of inertia of the rigid body are 3k, 3k and k. Let the
principal axes correspond to the principal moments of inertia 3k, 3k and k be OX,
OY and OZ respectively. The rigid body is free to rotate about its center of gravity, O,
without external forces. Initially the body is given an angular velocity w, = (2€2,0, )
with respect to the coordinate system OXY Z, where (1 is a constant. [20 marks]

(i) Write down the Euler’s dynamical equations for this problem. [10 marks]

(i) Show that after time ¢ the angular velocity w = (w;, ws, ws3) satisfies the equations

w? + w2 = 40?2
w3 = Q.

[15 marks]
(iii) Find w = (w1, wsq,ws3) as functions of time. [15 marks]

4. a) The Lagrange’s equations for a dynamical system is given in the usual notation by:

d [T orT
— = )1—-—=0Q% ji="]. 2 T
dt (Bq'j) dg; X J i

Deduce the Lagrange’s equations for a holonomic conservative dynamical system of the

form: - BL
— R _——_—— = 2 ] = 1, 2, veny .
dt (311}') Og; LR .

[80 marks]
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b) A uniform tod AB of mass 3m and length 2! has its middle point O fixed and a
particle of mass m is attached at the end B. OXY Z is a coordinate system such that
OZ vertically downwards. Initially OB lies along OX and the rod is given an angular

o

velocity \/% about OZ. In the subsequent motion OB makes an angle § with OZ

-

axis and BOZ plane makes an angle ¢ with XOZ plane.
I Show that the kinetic energy, 7, cf the system is given by

T = mi? (02 + ¢?sin? 9). [20 marks]
IT Assuming OXY plane as the potential energy zero level, show that the potential
energy, V, of the system is given by V = —mgl cos . [05 marks]
ITII Write down the Lagrangian of the system. [05 marks]
IV Using Lagrange’s equations of motion of the system, show that
a =
i. ¢sin?f = Tg' [10 marks]
. oo, 09, 9 - A
ii. 6+ —cot*0+ = cosf =0, and [20 marks]

l l
iii. the end B will fall a distance I(+/10 — 3) in the ensuing motion. /10 marks/
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