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Answer four questions only.

1. Consider the non-linear equation f(z) = 0.

a) (i) State the necessary and sufficient conditions for f to apply the bisection
method to find a root of the equation.
(ii) Can the bisection method be used to find the roots of the equation
sinz + 1 =0 7 Justify your answer.

b) State clearly in stepwise form of the bisection method algorithm for solving the
nonlinear equation f(z) = 0 in the interval [a, b}.
¢) (i) Derive the formula for the error bound in the n'® iteration step of the
bisection method.
(ii) How many iterations are needed to solve the equation 2° —2—3 = 0 on [1, 2]
using bisection method with guaranteed accuracy 1075 7

2. a) Define the order of convergence (rate of convergence) a of the sequence
zy for k = 0,1,... derived to obtain an approximation for the root z* of a non
linear equation.
b) (i) State the Newton-Rapson formula (Newton’s method) for finding an approximate
root for the non linear equation f(z) = 0.
(i) Show that the Newton-Rapson method for the solution of z*e® =0 is given
by
(k — 1)z, — 22
T el Y g G
n+1 k} + xn )
Starting with zg = 1 calculate z2 when £ = 2.

¢) The cubic equation z® — 2 = 0 can be written in the form z = g(z) in two ways,

namely,
Tnt1 =01(Za) = T, + Ty — 2
Tny1 =G2(%n) = Mgﬁ’ n > 0.
- Which iteration scheme convergres to the solution 2% and why 7 Use the convergent

- sequence to compute z; using zg = 1.2.

1 Continued.



3. a) For a function f the forward divided differences are given in the following table
in the usual notation. 7
l 29 = 0.0 f[l?t\)] = %
l f[xﬂ, zl] :?
| 2 50
1 =04 flz] =7 fl@o, 1, 22) = -
] flz,20) = 10
| 33 =0.7 | flzo] =6
(i) Determine the missing entries of the table.
(i) Using the Newton’s divided difference formula, find the interpolating polynomial
Py(z) for the above data.
b) Let 7o, 21,...,%a be n + 1 distinct points in [a,b] with 2 = a, 2, = b, and
f € ¢tV a,b]. Let P(z) be the Lagrange polynomial interpolating the points
such that P(z;) = f(z;) fori =0.1,...,n. “
(i) Give the expression of P(z) and its error formula.
(i) Consider the case n = 3 and the following data:
s 01| 253
f@|0]2]2]0.
Obtain the Lagrange interpolating polynomial P(z). Simplify your answer.
4. a) A free cubic spline interpolating polynomial S for a function f, is defined on {1, 3]

by =

S(z) = SO(I)':Q('%’I)_(:E’I)B << 2
= 81(:1;):a+b(a:—2)+c(x—2)2+d(x—2)3 LT <3

where a, b, ¢, d € R. Find a,b, ¢ and d.

b) (i) Linear model for the data set (zi,y:) fori=1,2,...,nisgiven by ¥; = ao + a1Z; + €,
with error e; for i = 1,2,...,n. Obtain the following estimates for ag and a,
using the least squared approximation method.

n —
= Zi:l ZiYi — NTY = = ==
A= n 2 =91
Y i1 % — Nk

2?:1 Ty 22;1 Yi
e

where T = and 7 =

(ii) Consider the following data set:

Ui | 9 | 6 -2 } 1
Using the least squared method, show that the best linear approximation to
this data is y = —22 + 2.5.

()
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5. a) (i) Using the Taylor series expansion of a continuously differentiable function f
: at the point z+ % for some small 2 > 0, obtain the forward difference formula
(EDF) of order h for the approximation of f’(z). Describe the error term of
the approximation.
(i) Verify that the above approximation is cxact for the derivatives or any
polynomial up to degree 1. =
b) Consider the 3-point formula of f'(zg) given in the usual notation by
s 1 1%;;5‘;3”;“5&?”
f(zo) = 2h( 3f(xo) + 4f(zo + h) — f(zo + 2h))
(i) Explain briefly how you would obta.m nhn .3 Qomt tormula (Derivation is not
required). ‘
. (ii).-Using the formula with A = 0.5, approximate f’ (2) where f(x) — x
(111) Is your approximation exact ? Explain. ——— .
c¢) The derivative of a function can be expressed as B
6 ®)
(@) = S (f e+ h) = Fla =) = 1O ) — Ty ,
with 4 > 0 small. Using this representation twice with s and h/2 and applying the :
Richardson extrapolation technique, derive a formula of order O(h*) to approximate
f'(z). What is the error in the term of A*?
b
6. a) (i) Obtain the Trapezoidal rule for the approximation of the integral / f(z) dz

with the error term.

dz.

"‘> B21()
-a
and n > 1, where ¢ € (q,b).

n

Determine the values of n and h required to approximate the integral given in part
(a)(ii) above within 1073 and compute the integral using composite trapezoidal
rule with n = 4. :

2
(ii) Use the Trapezoidal rule to approximate the integral / =
e

b) The composite Trapezoidal rule is given by

/f (f(a)+f’b +22f(a+ﬂa>~<b1—2

g=1

with hh =

b
¢) (i) State the Simpson rule in approximating the integral / f(z) dx
a

(ii) Use the Simpson’s rule to approximate the integral given in part (a)(ii).
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