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= Answer 04 Questions only.

1. a) Define L{F(t)}, the Laplace transform of a function F(t), denoted by f(s).

b) If L{F(t)} = f(s) then show that :
(i) L{e"F®t)}=f(s—a),s>a (i) L{sinhat}= s2i—a2’ s > |al

() LOF@)) = o f(s) ) L= [ s

t
_ c) Find the following Laplace transformations:
~2 (i) L£{(2¢*sin4t}, (ii) £ {tsinh4t},

(i) L{Smtht}, (iv) c{——eﬂzt;e—&},

) z:{/ot Ei-z—?fdu}.

2. a) Define the inverse Laplace transform £7'{f(s)} of f(s).

b) Show, in the usual notation, that
# — L )} = —iF)
¢) Find following inverse Laplace transformations:
253 + 10s% + 8s + 40 = s+2
2 -1 E—l
af £ { s2(s2+9) } (®) { s%(s +3) }

(i) £-1 {m (1 - -3%) }

d) State the convolution theorem for the Laplace transformations. Apply convolution

theorem to find the following inverse Laplace Transforations
1
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3. a) Let L{Y(t)} = y(s). Show, in the usual notation, that
() L{Y'(8)} = sy(s) — Y (0)
(i) L{Y"(t)} = s”y(s) — sY(0) — Y'(0)
b) Using the Laplace transform method solve the following system of ordinary
differential equations:
dx e ay—
dt — dt
X0 =5 Y0 =0 X0 =-2
ox e s
dt? =
4. a) Show,in the usual notation, that
Ulz,t
G) £ {Q—gj’—)} = su(z, s) — U(z,0)
= 8%U(z,t 3
(i) £ {——%—)} = s*u(z, s) — sU(z,0) — Uy(z,0)
Ot du(x s
(iii) £ { o } = and
: &U(z,t) d*u(z, s)
(i) ﬁ{ 0z? } =
b) The faces z =0 and z = 1 of a slab material for which thermal diffusivity k = 1
are kept at temperature 0 and 1 respectively until the temperature distribution
becomes u = z. After time ¢ = 0 both faces are held at temporature 0. Determine
the temperature distribution at time ¢.
[You may assume that
=1 S'lnh:E\/_S_ = _.Z'_ : _2- = <_1)n __n27r2t 2 7?,_71‘27
L {ssinha\/'s'}_a_'_7rnz=1 noC Sm(a)']
5. a) For m > 0, n > 0, the Beta function, B(m,n) is defined as:

1
Bimn) = / ™1 — z)* tdax.
0

(1) Using Laplace Transform methods show in the usual notation that
_ I(m)I'(n)
Ema (m+n)

7 /2
(ii) Use the above result to show that 2 / sin®™~1 6 cos®™ ! #df = B(m,n).
0
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b) Show folowings using the results in part (a)

(i) / 20— z)ide — I% (i) /0 V4 — g2dz = 21

3 %2 {0 T
iii sin 49cos 6df = v = —.
(i) ./ 512 ( ) ,/0 Vtand V2

c¢) Use Laplace transform methods to show that

/ cos rdxr = —\/i
0 2v/2

[In the usual notation you may assume that I'(p)I'(p — 1) =

: S0<p< 1}
Sin pm

a) Suppose that f(z) is a periodic function with the period 2L and its Fourier series

is given by f(z) = %Q = Z (an cos n_z:z + by, sin E—Z—l) for —L < x < L; where
n=1

1 L

1 ¢k L . 5
@ =7 Fflo)dz, = z/ f(x)cos%%—dz and b, = %/ f(m)sinﬁgidx for
L : =7

== =
n=1,2,3,.... Show that f satisfics the Parsval’s identity

L[ oras- B3 @)

b) Obtain the Fourier sine expansion of f(z) =z(r —z) ,0 < 2 < 7 in the form:
sinz sin3z - sin 5z = )

Hence, deduce that

o (_1)n—1 3

0 Zmziﬁ’

(ii) Z 2n 5@ and

n=1
oo

(iii) 27—113 =

n=1
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