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Answer 04 Questions only.

1. (a) Let a € R™, r >0, and A be a subset of R”. Define the following terms:

(i) An open n—ball in R” with the center a and the radius r > 0.
(ii) An interior point of A.

(iii) An exterior point of A.
(h) Prove that the Cauchy-Schwartz inequality

xyl<|lx|.llyl: forall x,yeR"

(c) Using the Cauchy-Schwartz inequality prove that the triangle inequality

[x+yli<lxll+ [yl forall x,y €R"
(d) Show that

(a+b+c)? <3 (a2 +b+c?)
where a, b, ¢ are real numbers.

(e) Determine whether each of the foliowing set is open or not.
(i) A={(z,y) eR?: 22 +¢* < 2}

(i) B={xeR" || x |>2}.
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2. (a) Let f : A — R be a function defined on an open set A C R”™. Define the
followings:

(i) lim f(x) = L, and

X—a

(ii) f is continuous at a point a,
where a € A.
(b) Find the following limits:

5=
e

(i) lim o ) ( y)
(zy)>(0,0) 2+ 92

2 2+1_1
() lim = XY .

(z,y)—(0,0) 72 + o2

)

(c) Prove that the following limits do not exist.

zy

i lim —
(1) (@)= (0,0) 22 + y2’

Z
= lm ———
()@mﬁmnx+y—1
(d) Use part (a)(ii), to show that

. sin(i) +ysin(l) 2y #£0

e ={ =

is continuous at (0, 0).

3. Let f(z,y) be a two vaiable function defined on a subset A of R2.

(a) Define the first partial derivatives g% and g{ of f.
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then show that f is dxﬁornohdblo a’r (a b)

(d) Show that the fun(‘tlon

f oy = ;zq-’-fy-’
@b 0 e +y O

is continuous, possesses partial derivatives but 1s not differentiable at the origin.

oz d Oz

4. (aletz—2 g P o — r‘cos>(9),A y = rsin(f). Find § and 5.

(b) Show that z = f(’n,y) satisfics

- 0z 5 0z
5 Ay’
where [ is differentaible function.
fe)y-ltui uws . - beh differntiable funcru)ns of n vanablcs 11, 12,'

write down the Jacobla,n matrlx

{(d) The roots of the equation in A
A=zl + A=y +A—2)P=

are u, v, w. Prove that the Jacobian is given by.

., Tn. then
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= _fé)lee an example for a function f(z,y) that has.an extreste

ain- you find the extreme values of a two-varia
F(z,y) dclined-on-a-subsetsin Risssse = :

rite down a necessary condition for f(x,y) to have an.extreme vat

=== ‘
value at (0, 0) but
the partial derivatives f, and f, do not exist-at(0.0}.

(d) Find the maxima and minima of the function
v ' flo,y) =23 +y> -3z —12¢y+20.

6. (a) Let f:R® — R be a differential function at (a,b,c). Show that

(i) the tangent plane to the surface f(z,y, z) = 0 at the point (a, b, c) is given
0
fa:(aa b7 C) (m == (L) -+ ,fy(av bv C) (.l/ = b) == fz(av bv C) (z = C) =0, and

(ii) the normal line to the surface at (a,b, c) is given by

(z-a0) _ @-b) _ (z-9
fola,b,6) = Fylabo) - L(abo)

(b) For the surface given by the equation z = 2% — 3 y? + z y, find the equations of
the

(i) tangent plane

(ii) normal line
at the point (1,1, —1) on the surface.

(c) Prove that the volume of the greatest rectangular parallelopiped that can be

mscribed in the ellispe
22 2 2
=

ro 8 abc
1S 33"
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