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Answer Four (04) questions only

1. Obtain, in the usual notation, the equation of continuity for a moving fiuid having density p and

velocity ¢ in the form
aih o 0

— +divipg) = 0.

Bt ¢4)

Hence, for an incompressible, homogeneous and irrotational fluid, show that the equation of continuity

can be reduced to the form V?¢ = 0, where ¢ is the velocity potential.

The velocity components at a point in an incompressible fluid having spherical polar coordinates

(r,6,%) are (2Mr=3cosf, Mr=3siné, 0), where M is a constant.

/2

(i) Show that the velocity is of the potential kind.

(i) Find the velocity potential and the equations of the streamlines.

2. Derive, in the usual notation, the Euler’s equation of motion,

1 dgq

E—;ZP=IZ

for a perfect fluid moving under a force F per unit mass and velocity q.

Staring from the Euler’s equation of motion for a perfect fluid and by ﬁsing suitable conditions,
deduce that

2
y(m_m):w,
g F i

where ¢ = curlq and €2 is the scalar potential such that F = —VQ.
A perfect, incompressible fluid is moving steadily around the outside of a fixed cylinder of radius a

(4
and vertical axis OZ. The speed at a distance r from the axis OZ is . Show that the motion is
¥

irrotational.

If the surface of the fluid is open to the atmosphere and the origin O is chosen on the free surface
such that z = 0 when r = a, prove that the free surface is given by
2

a
29z =1-— =l

1 Continued.



3. An incompressible irviscid fuid of uniform density p is in irrotational motion. Show, in the usual
notation, that the kinetic energy 7 of the fuid enclosed by a surface S is given by
: 1 oo
T= P ¢r—- dS\
2" Jg T on
where n is the cutward unit normal vector to the fluid surface and ¢ is the velocity potential.
The space between a solid sphere of radius @ and a spherical shell of radius (b > a) is filled with
an incompressibie fluid. The sphiere and shell have the constant velocities ui and vi respectively
through the centers. Here i is the unit vector in the direction of the z-axis.
(i) Show that at the instant when the sphere and shell are concentric, the velocity potential of the
finid is given hy ‘
REE ua® — vb? e w—0ja’h P
= - r = T COS .
S e e
\
(You may assume that the veiocity potential of the fluid is in the form ¢ = (Ar + Br=2%)cosd
and fiuid motion is irrotational).
(ii) Find the kinetic energy of the fluid near the sphere.
(iii) What can you say about the above kinetic energy when b — oo?
>
4. Show, in the usual niotation, that the velocity potential at any point P due to the three dimensional

doublet (dipole) of strength u is
ucost
R

where O is the origin, OP = r and 8 is the angle between OP and the z-axis.
(You may assume that the velocity potential at any point P due to a three dimensional source of

3 g AL
strength m which is at the origin is —, where OP = r.)
r

The plane 2 = 0 is a rigid boundary to a fluid of constant density occuring in the region z > 0. A
three dimensional doublet of strength u, whose axis is in the direction of the z-axis, is placed at a
point A on the z-axis in the fluid, where OA = g and O is the origin.

(i) Show that the velocity potential at any point P of the system is

u(rcosf — a) u(rcosb + a)
(r?+a® —2racos§)%2  (r2+ a2 + 2racos 0)°/2

b=

where OP = r and 6 is the angle between OP and the 2-axis.
(ii) Find the velocity potential at any point on the rigid boundary.
(iii) Find the velocity components of the fluid at a point on the rigid boundary in spherical polar

coordinates. >
(iv) If the pressure at infinity is P, show that the difference between pressure oz the boundary
and P, is
18u%a%r?p
(r? 4 a2)5"

(You may assume that the fluid is irrotational)

2 ' Coutinued.



5. The complex potential at any point in a two dimensional fluid is given by
z—a
w(z) = —mln (2+ a) "

What arrangement of scurce and sink will give rise to the above complex potential?

where m and a arce real constants.

Now, the above system is placed in a fluid moving with the constant velocity —wvi. Here i is the unit
vector in the direction of z-axis.

(i) Write down the new complex potential of the system.

(ii) Show that the streamlines of the system are given by

2. y 3
.y

2?2 —a?+y? m

(iii) Find the stagnation points of the system.

6. State the Milne-Thomson circle theorem and its extension.

A source and sink of equal strength m are placed at the points (a/2,0) and (—a/2,0) respectively
within a fixed circular boundary |z| = a.

(i) Show that the complex potential of the system is

w(z) =mln (
(ii) Show that the streamlines are given by
1 . :
(7”2 — Za2> (r? — 4a?) — 4a®y® = ky(r® — a?),

5a 3 .
where k = ———————— and 1 is the stream function.

tan (£>
m

(iii) Find the speed of fluid at the point (a,0).
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