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Time :Two (02) Hours

Answer four (04) Questions only
Allowed to use calculators only supplied by the University.

1. a) Define the norm || A ||« of a matrix A of order n, in the usual notation.
For the matrix,

5.0
A=10 7 —4)| find | Al
B9

h) Define the condition number, K(A) of a non singular matrix A.

1 1 3
A= 1 -3 =31 hnd &(A4)
=y oy
e D
You may use that, A™'= | —=5/4 —1/4 -3/4
14 i

c¢) Solve the following system of linear equations using Gauss elimination method.

TH+4y —z=-5H
X + y~06z ==12
3xXi- -7 — 4

d) Apply Doolittle method and solve the following system of linear equations.

552 . ) X1 2
1 3 4 Xo =11
dcd==3 X3 3)
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a) The system of linear equations Az = b, where A € R™*" and b € R, has an equivalent
representation of the form x = Tz + ¢ , where 7 € R™™ and ¢ € R™.

(i) Show that x = Tz + ¢ has a unique solution, if | 7 || < 1 for some norm.

(i) Let z” € R" be the unique solution of the system z = Tz + c.
Consider the sequence {z*)}2 r—1 generated by the recurrence formula
g+ = 7z® L ek =0,1,2, ... with the initial approximation z(©.
Show that z(™ — 2* = T7(2©) — ¢ ).

b) (i) Consider the system of linear equations Az = b and the decomposition
A =L+ D+U, where L, D and U represent the lower triangular, diagonal and
upper triangular parts of A respectively.
Use this decomposition to formulate the Gauss Seidel iteration method for solving
Az = b and write down the general formula for the method.

(ii) Consider the system of linear equations

5 -2 3 z =
-3 9 1 I = 2
2 —1 =7 I3 3

Taking the initial approximation as z!® = (1 1 1)7, find the second iterate z(®
using the Gauss Seidel iteration method.

3. a) Consider the initial value problem ¥’ = f(t,y) =1+ ty?, y(0) =1 on
D={(tyl0st<3 0<y<2}

(i) Show that f satisfies Lipschitz condition on D.
(ii) Find a Lipschitz constant.

b) Consider the initial value problem ¥’ = f(z,y), y(zo) = vo.
Obtain the correspondmg Picard iteration formula,

Yni1(T) = yo + / f(8,9yn(s))ds ; n > 0 for solving this problem.
Using this fornmula find y3(z) of the initial value problem y' = 3(y + 1), y(0) = 0.

c) Using Taylor expansion derive the second order approximation scheme to find Y1),
for the initial value problem y' = f(z,y), y(z¢) = yo with step size h.
Consider the initial value problem 3’ = z +¢¥, y(0) = 1.
Use the above derived formula to find the approximate value of ¥(0.2) by taking
h =01
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4.

a) In the usual notation, write down the gencral form for the fourth order Runge Kutta
method for solving the initial value problem y' = f(z,y), y(zy) = yy with step size h.

The fourth order classical Runge-Kutta method is described by the following Butcher’s
table.

0

1/2 | 1/2

1/2! 0 1/2
I

0 i
1/6 2/6 2/6 1/6
Write down the corresponding Runge-Kutta scheme.
Apply this scheme to the initial value problem o =z +1vy,  »(0) = 1, with the step
size 0.1 and obtain the approximate value of y(0.2).

b) Consider the system of differential equations
2(t) =ay +t
y'(t) =2y -«
with initial conditions z(1) = 0 and y(1) = 3.
Find the approximate values of 2(1.2) and y(1.2) using Explicit Euler’s method with
step size 0.1

5.

Let u(z,t) be the solution of the heat equation, u,, = cy, for t >0 and 0 < 2 < a
with boundary conditions u(0,t) = T, and u(a,t) = T}, for t > 0 and,
initial condition u(z,0) = f(x), for 0 < 2 < a.

Consider the discretization x; = th, i = 0,1,2,...,n and t; = jk, 7 =0,1,2, ..., where
h=2, k>0 arc sufficiently small step sizes in 2 and ¢ dircctions respectively.
In the usual notation, derive, the finite difference scheme,
Uijr1 = iy + (1 — 2r)uy; + Plli=or o WHETe 1 — c,%
Using the above finite difference scheme with A = 0.2 and k = 0.02, solve the heat
equation u,, = u; for 0 <z < 1 and 0 < ¢ < 0.06,
with boundary conditions u(0,t) = u(1,¢) = 0, for t > 0 and
initial condition u(z.0) = sin27z, for 0 <z < 1.
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6. Consider the partial differential equation of the form

Au':m: e Bumy e C"U'yy = F(.’L. Y, Uy Uy, U‘y)-

where A, B and C arc functions of the variables r and y.
Explain how would you classify above equation as parabolic, elliptic and hyperbolic.

Consider the wave equation, 1y = c*u,, for 0 < z < a and t > 0.
Show that it is of hyperbolic type.

Let u(z,t) be the solution of the wave equation. uy = c*u,, for 0 < 2 <a and t > 0
ou .

subject to the initial conditions u(z,0) = f(z) and &—1;(7, 0)=g(x)for0<z<a

and boundary conditions u(0,1) = ¢(t) and u(a,t) = ¢(t) for £ > 0.

Consider the discretization x; = ih, for i = 0,1,2,....,n and t; =a3k, Torg = 0:1:2
where h = 2.k > 0 are sufficiently small step sizes in 2 and ¢ directions respectively.
In the usual notation, derive the explicit finite difference scheme,

3

Ugjpr = —Ugj—1 + &2 (Wit + uinj) +2(1 — o®)u;;, where a = %
Consider the equation, uy = 161, 0 <z <5and 0 <t<0.75 with

the initial conditions u(z,0) = —2® + 522 + 2 and g—’t‘(z, 0)=0for0<z<5and
boundary conditions u(0,t) = u(5,t) =0 for ¢t > 0.

Solve the cquation using the finite difference scheme derived above, with 2 = 1 and
k—0:25.
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