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1. (a) Let
1)

()

(b) (@)
(i)

© O
(i)

a, b, and ¢ be integers. Show that

if a|b and ble, then alc,

if a|b and ¢|d, then ac|bd.

Prove that if a is even, then 3a? + 2a + 156 is divisible by 4.

Find all positive integers n such that n divides both 22 + 1 and (z + 1)2 + 1 for some
integer x.

Let a and b be any integers with a > 0. Then, show that there exists unique integers ¢
and r such that b = ga + r, where 0 < r < a.

Let r be the remainder when 760, 880, and 1060 are divided by d, where d > 1. Find the
value of d — 7.

2. (a) For

given nonzero integers a and b, define, in the usual notation

the greatest common divisor ged(a, b) and,

(ii) the least common multiple lem(a, b).
(b) Let a, b, and ¢ be integers. Show that
(i} if ged(a,b) = 1 and albe, then alc,
(‘ii if ged(a, ¢) = ged(b, ¢) = 1, then ged(c, ba) = 1,
(iti) lem(a,b) ged(a, b) = |abl.
(¢) (i) Use the Euclid algorithm to find ged(9081, 3270).
(ii) Let a1,as,...,a, be nonzero integers such that n > 3.
| | IThen, show that (a1,as,...,a,) = ((a15a2,...,8n-1), @n)-
3. (a) (i) Define, in the usual notation, the functions (n) and 7(n) for a positive integer n.
(i) Show that functions o(n) and 7(n) are multiplicative.
(b) Let p; and o; be primes and positive integers respectively forz = 1,2,3,..., k. Ifn= f=1 o
represents the standard form of the positive integer n, then, show that :
: p PR - 3
(i) lo(n) = [Ti=s e and,
(ii) | 7(n) = Hle(ozi + 1)
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(c) (i) Letn= Hle ;" represent the standard form of the positive integer n. Then, write down
the expression to calculate ¢(n).
(ii) Find the value of ¢(9054). _ —

(a) (i) Linear Diophantine equations are of the form az + by = c, where a, b, and c are given
integers. Show that az + by = ¢ has a solution if and only if d|c, where d = ged(a, b).
(ii) Suppose that (zg,yo) is one solution of az + by = ¢. Write down the expression for the
full set of integer solutions.

(b) Find an integer solution of 3689z + 4182y = 100, or explain why one does not exist.

{c) A cargo company has to move 844 washing machines. They have two types of trucks, one that
carries 28 washing machines and one that carries 34 washing machines. The company only
sends out full trucks, and the trucks return empty. Let z be the number of “small” trucks
and y be the number of “large” trucks.

(i) Write down a linear Diophantine equation for moving washing machines using “small”
and “large” trucks.
(ii) List all possible ways to move all the washing machines.

(a) Show, in the usual notation, that.
(i) if a = b mod m and b = ¢ mod m then @ = ¢ mod m and
(ii) if @ = b mod m and djm, d > 0 then a = b mod d.

(b) (i) Let a =b mod m and n € Z*. Then, show that a® = b” mod m.
(ii) Prove that 7 divides 22225555 1 55552222

(¢) A collection of items is packed for distributing to a new location. When packing in boxes of
3 items, there are 2 left over, when packing in boxes of 5 items there are 3 left over and when
packing in boxes of 7 items there are 2 left over. How many items are in the collection?

(a) (i) Let p be an odd prime number. Let a be a positive integer relatively prime to p. Write
down Euler’s criterion under which the equation z? = a mod p has solutions.

(i) Determine whether the equation 2 = 7mod 31 is solvable or not.
(b) Find two consecutive odd numbers whose product is 11 more than a multiple of 83.
[Hint: The square roots of 3 modulo 83 are 13 and 70]

i

(c) Prove that the area of a Pythagorean triangle can never be equal to a perfect square.
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1. (&) a
' (i) a|b e blc B alc @D,
(ii) alb e c|d OO aclbd 2D,

®
(@) (

(i
(g1) [

(i

b, e ¢ BDE @G OB

BB

) 0 96000 O O8O 3a? + 2a + 156 w23 4 23 e 1B AL VLY WSTI.

i) BBe® R z eew 22 +1 & (z+1)2 +1 320 @50 n OBz eafes B O
288 208 Bug O BAG n ewISBID. X
i) a0 b ez a> 0 ecs 308 Aon® BAE eC ©z3). OO b=gqa+r (@®
0< 7 < a) D2 88 BEDw q e r B 208> D O30T

) 760, 880, e329 1060 c32) exs) d (6B d > 1) DL @8 80 1o 980w r ©ce
OB 85D d — 1 OE OB SENWBBID).

1

2:-(a) @Lm ce a e b Bdgmn B e Pusig FBHeBT?
(1) Ovr eeg 3200298 ged(a, b) €3

&
(@) a

(i) 298 E®¢g HeRIZISe lem(a, b)

50 3.
b, e ¢ I EEE ©BID. OB

(i) ged(a,b) =1 e albc 2O afc IV,

(i) ged(a,c) = ged(b,c) =1 2 ged(c,ba) =1 D,
(iii) lem(a,b)ged(a,b) = |ab] @D,

(Clita1alaptap)

i) ged(9081,3270) ©esdVO WBEEI e8NS IO WOBID.

(i) a1,a2,...,0n YN >3 OB 388 =08 Budgrw B i3 OB3.

1) (a1, ag,. o an) = ((al, as, . .. ,an_l), an) D DB .

) n A BIER wew, ¥udig emess), o(n) e T(n) OB &o 250 ¢TI,
i) o(n) e 7(n) @ §o QERDL DO EBTVBID.

il = 1,2,3,...,k ee p; @0 o 32 BEeOED YO e W BRI 8 03>.

= Hf=1 p% D825 n 3 30D 1296w @57 cAstesd P, 080

i) o(n) =1I;=

i) 7(n) = [1% (e + 1),
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D e5550535).
(@) () n =I5, p™ ©823 n Ay Bdcewd wddn ewnds o¢5) CABESS Wid ©BiH.
880 ¢(n) ©®eazIs BB €319 ZII@RZIS B LD
(i) ¢(9054) 8 @ww ©t33353.

4. (2) (i) S Dewls50Bs dm6&s ax + by = ¢ @26 GB3E» gos @B a, b, 5
c o) @& 3¢ B ©D. 980 dlc (6B d = ged(a, b)) 2D 5w SO BO€xS
az + by = ¢ O Sese® O8> 2D esOBI.

(ii) (zo,y0) 92 az + by = ¢ B &2 Sesg®z B BoY. VB BAc Sese® QE®W
£36%) NN B3I LBOBID.
(@) 3689z + 4182y = 100 B B Desg® eerszizy; Vol Seed eznsdd »® & Ol
B3 188 WOBID. '
(81) PR 3w eDgE LDVOWO ©68 etsies wxly 844 5 e dwmd W SV
2des O ap. VYO 668 ewle iy 28 5 8w i Wi ww 608 eele 1Y
34 2 e @ B ecn I SO DE® LW B EDge BINY BB Rm GG
86147 6O D& OO WO gud Y SO 2ndn sPeémies’ Beldw. o Jzb
SO yr1erw T 6L O I GO BRI Y ORNE OB
(i) =8 e Sme Jd 6O WO WEDBS B eesderd Wiy O iz
OO0 agg S ewds 0B dmcents B RO
(ii) Bup® edf otsier wady e0mB drmwmd widw vl Bug mns Ew 50235

5. (@) 33018 @ ®HEWD,

(i) a=b mod mesw b=c mod m 2 OO a =c mod m dO,
(ii) a=b mod m e dm (@B d > 0) 2@ SO0 a =b mod d 2D,
es30z.

(@) (i) a=b mod mewwneZt B 0. OS8O o™ =b" mod m D EBTOSI.
(i) 22225555 4 55552222 3232 7 23 @@ AD 33022 WOTI.

(1) ¢Bo® O Dds @O WO denD) (5:® 56w 18361 WO C10D. ¢
3 88} eD0D: 188 2 B ¢, aB® 5 BT} e8OIO: 18388 3 = ¢ ww

2800 7 9B edIDE 188038 2 B ¢ 988 c08. DD e aBVO EWVH
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6. (&) (1) p ey des} OB @B 29 a WP p BB LIeLEB EEL YOI O A
BRI 08 o3, 880 22 = a &1 p OWS€RO Sese® 51 OBD esg O
DBEE 28133 Bwdr (OB
(i) 22 =7 e 31 edmSencs Deskes B e w53z BBers WS,
(@) 83 B8 ©€RISLIO D 11 28 D18 O 88 dred g&hnw cah @42 ewd VBEs)
3B BEWZ BENWBID).
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