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Answer four (04) questions selecting at least one from Section B

Section A

1. a) (i) Define the exponential order of a function f(t).
1

(ii) Determine whether the function f(t) = e is of exponential order or not.
5

b)

Define £(f(t)), the Laplace transforms of a function S(t), denoted by F(s).
(ii) Using the definition of Laplace transform, find L(3e7*") and deduce the region for s.
c) If L(f(t)) = F(s), show that
(1) L{e®f(t)) = F(s — a),
i ./(" = (1,) t > @,
i) if
(ii) if g(t) = 0. o
then L(g(t)) = e **F(s),

() L(/(1) = 2 (F(s).
d) Using the Laplace transform £(¢%!) obtain the Laplace transforms L(sin(at)) and L{cos(al)).
Pl 0LEL],
¢] Let fll) =Ce 2 4+1: 1£t<3,
1: L>1.

(i) Write down the function f(f) in terms of unit step functions.
(i) Using the appropriate results in part (c) or otherwise find £(f(t)).

2. a) (i) Define the inverse Laplace transform £71(F(s)) of F(s) denoted by f(t).
1
(i) Find the inverse Laplace transform £ ! (m>

(iii) Use the derivative property of Laplace transforms to find £~ {37

b) (i) State the convolution theorem of Laplace transforms.

1
(ii) Use this theorem to find the inverse Laplace transform £ (———3( T 1))

¢) Let L(y(t)) = Y(s). Show, in the usual notation, that
(1

(1) L{y'(1) = sY(s) — y(0).
(i) L{y"(1)) = Y (s) = sy(0) — y'(0).

d) Use the Laplace transform method to solve the initial value problem
y' () —-y(t) =1,  y(0)=0, y'(0)=1.
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3. a) Let [(z) = cosa + 2sin(5x).
(1) Show that the function f is periodic with period 27.
(ii) Determine whether the function J 1s even, odd or neither.
b) Let the Fourier series of the periodic function f(z) = z in the interval (—=,7) be given
by, in the usual notation,
a o 5
; 0 - : 3
flx)y= 7+ 24 [an cosnx + b, sinnz] .
n=1
(i) Find the Fourier coefficients ay, a, and b, and obtain the Fourier series f(x).
.. . . ﬂ
(i) To what value does the Fourier series converge at x = 3 ?
(i1} To what value does the Fourier series converge at x = 7
. ) “ﬁ ~ 2 2 . R : : i
1v) Evaluate the sun — + a, +0;) of the Fourier series above with a minimum
r) n 7
- n=1
number of calculations.
c¢) Consider the Fourier series of complex form of the function
flz)=1+2, —m<a<m, given by
n=oo
Fle) = Z L
n=-—00
Show that ¢p = 1 and find ¢,, n # 0.
4. a) (i) Define the gamma function I'(z), z > 0.

(ii) Using the definition of gamma function, show that Pz +1) = al(z)
(iii) Find I'(3) and I" (=3), provided T (5) = /.
? N B 3 -4z 3
(iv) Show that e dr = —.
Jo 128
b) (i) Define the beta function B(m.n) for any m,n > 0.

(ii) Using beta and gamma functions with the substitution 2 — 1 — 2y

3 d
show that / *
J1

@-13-2)

c) The Bessel function J,(x) of order v is given by, in the usual notation,

PN ;. 2k
i) AT (—1)* &
YT\ LErerErn\2)

Show that J_,(z) = (=1)"J,(z) for n € N.
d) Consider the differential equation zy” + 3y’ + zy = 0,

(i) Using the substitution u = xy convert this differential equation into the Bessel
equation of order 1.

(ii) Write down the Bessel function for the Bessel equation obtained in part(i) above and
hence find a solution y(z) for the given differential equation.

)
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Section B

5. a) (i) Define the Fourier transform F(f(t)) and inverse Fourier transform F~!(F(w)).
(i) Let a function f(¢) which has a Fourier transform F(w). Prove, in the usual notation,
that
i o (f(t)e’i‘”“‘) == F(w = LL)U),
. F(f(L—tp)) = F(w)e ™,
b) Find the Fourier transform of the following [unctions
e 0 t<0
M) fO) =9 _a
e t>0,aa>0
(i) f(t) = uz(t)e™, where uy(t) is a unit step function.
(1) flf) = e~ letd),
821@)
¢) Find the inverse Fourier transform of the function F(w) = T,
-3
d) Consider the initial value problem
w — (sint)u, =0, —-oco<z<o00, t>0
u(z,0) = &(z), —oo <z < 00.
(i) Using the Fourier transforms, show that the problem can be converted to an ordinary
differential equation with the corresponding initial condition.
(ii) Show that, in the usual notation, 7(w,t) = ®(w. )"t where 4 and & arc the
Fourier transforms of u and ® respectively.
(iii) Considering the inverse Fourier transform, show that the solution of the problem is
given by u(z,t) = ®(z + 1 — cost).
6. a) A scries solution of the differential equation

(1—2%)y" 22y +n(n+ 1)y =0

is given by the Legendre polynomial

n/2] -
L (=1y(@n-2r)
Fole) = Z 277l (n — r)l(n — 27')!L ?

r=0

where [n/2] =n/2 if nis even and [n/2] = (n —1)/2 if n is odd.

(i) Use above formula to obtain the fust three Legendre polynowmilas Py(x), P (x) and
P2 (I)

i) Express the polynomial 422 — 32: 4+ 2 in terms of Legendre polynomials.
p por; g pol;
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b) The generating function of the Legendre polynomials I () is defined by

1 ¢ ®
—_— — P,(t)t".
V1 =2t L 12 ; ®)

(i) By differentiatig the above formulae show that
x xX
Z(T —~ P 2)* = Z(l — 2zt + t*)n P, (z)t" 1.

n=0 n=1

(ii) Considering the coefficients of the powers of 1 show that
(2n + 1)z P, (z) — (n + )Poia(z) — nP,_y(x).
c¢) Let P,(z) be the Legendre polynomial defined through the Rodrigue’s formula

1 d" :
F.lz) = TP ((* = 1))

and consider the result Pulz) = ka® + Poly, _,(z), where Poly, ,(x) is the polynomial
of degree n — 2 and k,, given by

(2n)! __ 2"0(n + 1)
Ky = (D)2 or equivalently by &, = W

(i) Using one of the above formulae of k, find the value a of the recursion relation
(n+1)Posi(z) = azPu(z) — nP,_, (z).

(ii) Using the Rodriguce’s formula show that

1 dk—1 . ) .
/(@) = 281k — 1)l dzh—! (((2% = 1)2* — 1)(2” - 1)

and hence find the formula P, ().
(iii) Directly obtaining P,” (z) from the derivative of Rodrigue’s formula and using the
result in part (ii) above show that

Forala) — BF sla) = (2n + 1) P, ().

n
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